A spatially flat Friedmann-Robertson-Walker background with a general scale factor is considered. In this space-time, the energy-momentum tensor of the scalar field with a general curvature coupling parameter is obtained. Using the Thermo Field Dynamics (TFD) formalism the Stefan-Boltzmann law and the Casimir effect at finite temperature are calculated. The Casimir effect at zero temperature is also considered. The expansion of the universe changes these effects. A discussion of these modifications is presented.
I. INTRODUCTION
The present observational data leads to a universe that is in a period of accelerated expansion and appears to be spatially flat [1] [2] [3] [4] . Quantum effects in an expanding universe are an interesting topic that should be investigated in a cosmological context [5] . More precisely thermal effects and the Casimir effect are of particular interest. Quantum effects, related to temperature, have their origin in Stefan-Boltzmann law for black-body radiation. There are several examples in our universe as stars that behave like black-bodies. On a cosmological scale, the cosmic background radiation has a temperature associated with it whose explanation may be linked to quantum effects on the origin of the universe. If an expanding universe is considered, then new contributions to quantum effects are expected.
The Casimir effect is a direct manifestation of the physical reality due to the quantum vacuum.
The original work was proposed by Casimir in 1948 [6] . Numerous theoretical and experimental studies have been carried out [7, 8] , based on this work. The Casimir effect plays an important role in several fields of physics such as quantum field theory, gravitation and cosmology, condensed matter physics, atomic and molecular physics, among others. Initially, the Casimir effect was predicted for the electromagnetic field. However, now it is calculated for any quantum field. A scalar field may yield the vacuum.
In this paper, the Casimir effect and Stefan-Boltzmann law for a scalar quantum field with a general curvature coupling parameter is calculated. A spatially flat Friedman-Robertson-Walker (FRW) space-time is assumed as a geometrical background. There are several studies about the Casimir effect due to a scalar field coupled to gravity in different cosmological backgrounds. For example, the topological Casimir effect in compactified cosmic string space-time has been considered [9] , scalar Casimir effect in a high-dimensional cosmic space-time has been analyzed [10] , scalar Casimir effect in a linearly expanding universe has been investigated [11] , scalar Casimir densities and forces for parallel plates in cosmic string space-time have been calculated [12] , Casimir effect for parallel plates in a Friedmann-Robertson-Walker universe has been developed [13] , among others.
Here the Casimir effect at finite temperature and the Stefan-Boltzmann law for the scalar field coupled to gravity in the FRW space-time are obtained. The temperature effects are introduced using the Thermo Field Dynamics (TFD) formalism.
The temperature effects in a thermal quantum field theory may be introduced using the imaginary or real time formalism. The imaginary time formalism or Matsubara formalism [14] is based on a substitution of time, t, by a complex time, iτ . The real time formalism consists of two ap-proaches, the closed time path formalism [15] and the Thermo Field Dynamics (TFD) formalism [16] [17] [18] [19] [20] . In both formalisms, it is possible to preserve the dependence of time together with the effects of temperature. Here the TFD formalism is used. This procedure depends on the doubling of the Hilbert space, composed of the original and a tilde space (dual space), using the Bogoliubov transformations. This doubling of Hilbert space is defined by the tilde conjugation rules, associating each operator, say a, in S to two operators in S T , with S T = S ⊗S, whereS is the tilde space.
The temperature effects are introduced by the Bogoliubov transformation that implies a rotation involving the two spaces. This paper is organized as follows. In section II, a brief introduction to TFD is presented. In section III, the theoretical model is discussed. The energy-momentum tensor for the scalar field coupled to gravity is obtained. The line element that describes the FRW universe, i.e. a flat and expanding universe, is given. In sections IV, some applications are developed. The Stefan-Boltzmann law is obtained at finite temperature. The Casimir effect at zero and finite temperature is obtained. In section V, some concluding remarks are presented.
II. THERMO FIELD DYNAMICS (TFD) FORMALISM
In this section a brief introduction to TFD formalism is presented. In this formalism a thermal vacuum, |0(β) (β = 1 k B T , with T being the temperature and k B the Boltzmann constant) is constructed. From this thermal vacuum, the main idea is to interpret the statistical average of an arbitrary operator A, as the expectation value in a thermal vacuum, i.e., A = 0(β)|A|0(β) . For this interpretation two conditions are imposed: (i) the Hilbert space S is doubled, i.e., the thermal space is defined as S T = S ⊗S, whereS is the dual (tilde) Hilbert space, and (ii) the Bogoliubov transformation is used. The Bogoliubov transformation introduces thermal effects through a rotation between tilde (S) and non-tilde (S) operators.
By taking arbitrary operators D andD in Hilbert space S and tilde spaceS respectively, the Bogoliubov transformation is
where k is the 4-momentum and η = −1 for bosons and η = +1 for fermions. The Bogoliubov transformation, B(α), is defined as
with u 2 (α) + ηv 2 (α) = 1. The functions u(α) and v(α), are related to the Bose distribution, and are given as
with ω k = k 0 . The α parameter is assumed as the compactification parameter defined by α = (α 0 , α 1 , · · · α D−1 ), with D being the space-time dimension. The effect of temperature is described by the choice α 0 ≡ β and α 1 , · · · α D−1 = 0. Then the functions u 2 (β) and v 2 (β) are fermion or boson distribution functions. In general, α may be associated with any physical quantities.
In this paper a field theory on the topology
Here d is the number of compactified dimensions. This establishes a formalism such that any set of dimensions of the manifold R D are compactified, where the circumference of the nth S 1 is specified by α n . Here three different topologies are used. (i) The topology
Here 2b corresponds to the length of the circumference S 1 .
The TFD formalism is used to introduce α-parameter which is the compactification parameter for the propagator of the theory. Let's take the scalar field as an example. Then the propagator is written as
where A, B = 1, 2 represent the doubled space. Then
with
and
begin the usual scalar field propagator with the mass m. G * 0 (k) is the conjugate complex of G 0 (k). Then the Green function is
where v 2 (k; α) is the generalized Bogoliubov transformation [21] which is given as
with d being the number of compactified dimensions, η = 1(−1) for fermions (bosons), {σ s } denotes the set of all combinations with s elements.
III. THE MODEL -SCALAR FIELD COUPLED TO GRAVITY
The main objective is to obtain the energy-momentum tensor for the scalar field non-minimally coupled to the gravitational background. The action that describes a scalar field φ(x) non-minimally coupled to gravity is
where g is the metric determinant and ξ is the coupling parameter to the curvature scalar R.
By varying the action with respect to the scalar field, the equation of motion is obtained as
It should be noted that the limit ξ = 0 represents the decoupling between the scalar and gravity field. This is a mandatory constraint in order to split both fields even for the particular solutioṅ a = 0.
In order to calculate the Stefan-Boltzmann law and the Casimir effect using the TFD formalism, the energy-momentum tensor for this model is obtained. It is defined as
Using this
the energy-momentum tensor is written as
To avoid divergences, the energy-momentum tensor is written at different space-time points, i.e.,
where τ is the time ordering operator. Using the commutation relation
where n ρ 0 = (1, 0, 0, 0) is a time-like vector and ∂ ρ θ(x 0 −x 0 ) = n ρ 0 δ(x 0 −x 0 ). The energy-momentum tensor becomes
In order to obtain important physical quantities, the vacuum expectation value of the energymomentum tensor is
with G 0 (x − x ) being the scalar field propagator defined as
To use the TFD formalism, the duplicate notation for the energy-momentum tensor is
To obtain a physical (renormalized) energy-momentum tensor, the usual Casimir prescription is,
Then
where
Some applications of T γρ (x; α) for a cosmological background are considered. A background geometry in a spatially flat 4-dimensional FRW space-time is used in an expanding universe. The line element is described by
where a(t) is the scale factor. For this space-time, the non-zero components of the Ricci tensor are
and the Ricci scalar is
where dot means derivative with respect to time. In addition, the Einstein tensor is defined as
and its non-zero components are G 00 = 3 ȧ a 2 and G ii = − 2aä +ȧ 2 (33) with i = 1, 2, 3. The Einstein equation is coupled to the scalar field by means of the coupling constant ξ, in order to find a classical solution one should note that the scale factor a(t) depends on the scalar field which is constrained by the choice of ξ. Thus the scale factor itself is not independent on the coupling constant. These quantities will be used to calculate the Casimir effect and the Stefan-Boltzmann Law for scalar field at finite temperature in an expanding FRW universe.
IV. THERMAL AND CASIMIR EFFECTS
Here the Stefan-Boltzmann law and the Casimir effect at zero and finite temperature are calculated in a flat FRW universe, that serves as a geometric background.
A. Stefan-Boltzmann law at finite temperature
To obtain effect of finite temperature, it is defined as α 0 ≡ β and α 1 , · · · , α D−1 = 0. Then the generalized Bogoliubov transformation is
The Green function is
where n 0 = (1, 0, 0, 0) and G 0 (x − x ; β) ≡ G (11) 0 (x − x ; β), that is the physical component. Then the energy-momentum tensor is
By taking γ = ρ = 0 we get
In the flat FRW space-time the scalar field propagator is
In the TFD formalism, the Bogoliubov transformation is used, then the scalar field propagator, Eq.
(39), becomes
Using equations (38) and (41), the energy-momentum tensor, eq. (37), becomes
This is the Stefan-Boltzmann law for the scalar field in an expanding FRW universe at finite temperature. It is important to note that: (i) the first term is the usual Stefan-Boltzmann law for a massless scalar field; (ii) the second term is a surface term; and (iii) the third term is due to the expansion of the universe. In addition, the expansion of the universe may decrease the energy density as presented in FIG. 1. As a matter of fact the energy can be negative for a given universe's expansion, that suggests non-dissipation of phenomena at the beginning of the Universe. This is because the attempt to dissipate a negative energy makes it more and more negative. Thus, the energy of a system with negative energy does not tend to zero due to its loss. It is important to note that this scenario occurs when the time is close to zero. Furthermore, it is a unique result of TFD, since in the latter term there is a combined effect of temporal evolution and temperature. For Casimir effect, the topology Γ 1 4 = S 1 × R 3 , with α = (0, 0, 0, i2b) is considered. This leads to the compactification along the z-coordinate. Then the Bogoliubov transformation is
In this case the Green function becomes
with n 3 = (0, 0, 0, 1). Taking γ = ρ = 0 the energy-momentum tensor is given as
Using eq. (38), the Casimir energy for scalar field in an expanding FRW universe is
It is important to note that the standard Casimir energy for massless scalar field (i.e., the case with ξ = 0) is modified by the scale factor. Then the geometric background changes the Casimir energy.
The Casimir pressure is calculated similarly by taking γ = ρ = 3. Then the energy-momentum tensor becomes T (11) 33 (x; b) = 2i lim
Then the Casimir pressure is
It is important to note that, due to the expansion of the universe, there may be a transition to a positive value of the Casimir pressure. A repulsive Casimir effect is a possibility in an expanding universe as presented in FIG. 2 . Such a repulsive effect may even be responsible for an accelerated expansion since there is an explicit time dependence. 
where the first two terms are associated with the Stefan-Boltzmann law and the Casimir effect at zero temperature and the third term provides the combined effect of temperature and spatial compactification. Then the Green function is
For γ = ρ = 0 the Casimir energy at finite temperature in an expanding FRW universe is
and the Casimir pressure at finite temperature (γ = ρ = 3) is
As in previous cases, the Casimir energy and pressure at finite temperature are modified due to the expansion of the universe.
V. CONCLUSIONS
The scalar field coupled to gravity in the spatially flat FRW background is considered. In order to introduce temperature effects the TFD formalism is used. A field theory on the topology Γ d D = (S 1 ) d × R D−d is studied. This establishes a formalism such that any set of dimensions of the manifold R D can be compactified. Inclusion of the TFD formalism leads to effects due to temperature. When the time dimension is compactified, the effect of temperature emerges. In this case, the Stefan-Boltzmann law at finite temperature in a FRW space-time is calculated. The results show that the expansion of the universe changes the energy density. The Casimir effect at zero temperature is obtained when the z-component is compactified. This result depends on the expansion of the universe. Due to the expansion of the universe, a transition for a positive value of the Casimir force, i.e., a repulsive Casimir effect, is a possibility in this model. In addition, the Casimir effect at finite temperature is calculated. This result emerges from the compactification of time and one spatial dimension. The main results depend on both effects: of temperature and temporal evolution (universe expansion). It is important to note that the structure of the energymomentum tensor determines coincident terms both in the Stefan-Boltzmann law and in the Casimir effect. This is because the terms that yield the dependencies of T 4 and d −4 are also present in the multiplicative factor of ξ. As future perspectives, we hope to analyze both the Casimir effect and the Stefan-Boltzmann law of a system consisting of a scalar field coupled to a self-contained expanding Universe with periodic spatial conditions. We suspect that discrete quantities will be obtained for the energy and pressure in both effects. This could lead to a discrete thermal capacity for the Kasner Universe.
